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Abstract
A 1ock of a cone in PG(5; q) with a line as vertex and a hyperbolic quadric Q+(3; q) as base is associated with every
locally hermitian 1-system of Q+(7; q) and conversely, so that the two objects are equivalent. We construct an example
of such a 1ock, starting from a Segre variety S1;2, and study the corresponding 1-system of Q+(7; q). Locally hermitian
semiclassical 1-systems of Q+(7; q), which are not contained in a hyperplane of PG(7; q), are characterized in terms of
their 1ock. Finally, the previously known locally hermitian semiclassical 1-systems of Q+(7; q) are investigated and it
seems that many new examples can be found.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The technique of associating a 1ock of some cone with a locally hermitian 1-system has been very fruitful to construct
new 1-systems of the parabolic quadric Q(6; q), see [5,6]. It is known that the hyperbolic quadric Q+(7; q) admits locally
hermitian 1-systems, but all known examples are constructed from an ovoid of the hermitian variety H (3; q2). As a
natural generalization of the case of locally hermitian 1-systems of Q(6; q), it is very interesting to study the link between
locally hermitian 1-systems of Q+(7; q) and 1ocks of a certain type of cone. This approach will lead to new examples of
1-systems of Q+(7; q), thus contributing to the existence problem for m-systems of Bnite classical polar spaces.
2. Denitions
A 1-system of Q+(7; q) is a set M of q3 + 1 lines L0; L1; : : : ; Lq3 such that every generator of Q
+(7; q) which contains
a line Li of M, is disjoint from all lines Lj ∈M, j = i. The set of all points on the lines of M will be denoted byM˜,
soM˜ is the union of all elements of M.
A 1-system M of Q+(7; q) is said to be proper if it is not contained in a hyperplane of the ambient space PG(7; q) of
Q+(7; q).
LetM be a 1-system of Q+(7; q). ThenM is locally hermitian at a line L∈M if and only if for every line M ∈M\{L},
the regulus of lines containing L of the hyperbolic quadric 〈L;M 〉 ∩ Q+(7; q) = Q+(3; q) is completely contained in M.
Hence a locally hermitian 1-system of Q+(7; q) consists of q2 reguli through a special line L, and these reguli will often
be denoted by R1; R2; : : : ; Rq2 . For every locally hermitian 1-system of Q
+(7; q), any 〈Ri; Rj〉 is 5-dimensional if i = j;
further, 〈Ri; Rj〉∩Q+(7; q) is an elliptic quadric Q−ij (5; q), for what follows. If Q := 〈Ri; Rj〉∩Q+(7; q) is not elliptic, then
it contains totally singular planes. If M = L is a line of Ri, then there exists in particular a totally singular plane  of Q
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through the line M . But  ∩ 〈Rj〉 is at least a point, which implies that  meets at least one line of Rj in a point. This
contradicts the deBnition of a 1-system of Q+(7; q) and we conclude that Q is indeed an elliptic quadric Q−ij (5; q).
Suppose that M is a 1-system of Q+(7; q), which is locally hermitian at the line L∈M. Denote the polarity deBned
by Q+(7; q) by ⊥ and let x be an arbitrary point on L. Consider a 5-dimensional subspace  of the hyperplane x⊥, with
x ∈ , so that  ∩ Q+(7; q) is a hyperbolic quadric Q+(5; q). Every regulus Ri of M through L has a unique transversal
through the point x, which meets Q+(5; q) in a point ni. Together with the point l := L ∩ , thus we obtain q2 + 1
points on Q+(5; q). If two points l and ni, respectively, ni and nj , with i = j, were collinear on Q+(5; q), then the totally
singular plane 〈x; l; ni〉, respectively 〈x; ni; nj〉, would contain at least 2q+ 1 points ofM˜. This contradicts the elementary
properties of 1-systems, see Shult and Thas [8, Theorem 8]. It follows that the q2 + 1 points l; n1; n2; : : : ; nq2 form an
ovoid of Q+(5; q). This ovoid is called the projection along reguli of M from x onto  and denoted by Ox. If the ovoid
Ox is the classical ovoid Q−(3; q) of Q+(5; q) for all points x on L, then M is said to be semiclassical.
To conclude this section, we give a construction for locally hermitian spreads of the elliptic quadric Q−(5; q). As
for 1-systems of Q+(7; q), a spread S of Q−(5; q) is locally hermitian at a line L∈S if and only if, for every line
M ∈S\{L}, the regulus of lines containing L of the hyperbolic quadric 〈L;M 〉 ∩ Q−(5; q) = Q+(3; q) is completely
contained in S. A spread S of Q−(5; q) is hermitian if it is locally hermitian at each of its lines. In such a case there
exist two generators of the extension Q+(5; q2) of Q−(5; q) to GF(q2), which are conjugate with respect to GF(q2), and
meet the extensions to GF(q2) of all elements of S in a point; see for instance [10].
Let S be a spread of Q−(5; q), which is locally hermitian at some line L∈S. Consider the tangent space  :=
TL(Q−(5; q)) of Q−(5; q) at the line L and denote the q2 reguli of S through L by R1; R2; : : : ; Rq2 . Then, for every regulus
Ri, we have that 〈Ri〉⊥, with ⊥ the polarity of Q−(5; q), is a line Li in , and the q2 + 1 lines L; L1; L2; : : : ; Lq2 form a
line spread S in . Conversely, one can reconstruct a locally hermitian spread of Q−(5; q) from every line spread S′ in 
which contains the line L, just by reversing the above construction. If a locally hermitian spread of Q−(5; q) is obtained
in this way from a line spread S of  through L, it will be denoted by S(S). It can be shown, see [2], that S(S) is
hermitian if and only if the spread S is the regular line spread in , which is determined by two conjugate lines T and KT
with respect to GF(q2), such that 〈L; T 〉 and 〈L; KT 〉 are the generators containing L of the extension Q+(5; q2) of Q−(5; q)
to GF(q2).
3. Flocks and locally hermitian 1-systems of Q+(7; q)
3.1. The construction
Let M be a 1-system of the hyperbolic quadric Q+(7; q), which is locally hermitian at a line L∈M, and denote the
q2 reguli of M through L by R1; R2; : : : ; Rq2 . A polarity can be associated with Q
+(7; q), regardless to the parity of q.
Denote such a polarity with ⊥. This polarity maps each 3-space 〈Ri〉 onto a 3-space 〈Ri〉⊥ := i, intersecting Q+(7; q) in
a hyperbolic quadric Q+i (3; q). In this way we obtain q
2 hyperbolic quadrics Q+i (3; q), i=1; 2; : : : ; q
2, in the 5-dimensional
subspace L⊥, where L⊥ ∩ Q+(7; q) is a cone with L as vertex and a hyperbolic quadric Q+(3; q) as base. Note that the
line L is disjoint from all q2 quadrics Q+i (3; q), i = 1; 2; : : : ; q
2.
Since 〈Ri; Rj〉 ∩ Q+(7; q) is an elliptic quadric Q−ij (5; q) for all i; j∈{1; 2; : : : ; q2}, i = j, we have that 〈Ri〉⊥ ∩ 〈Rj〉⊥
is a line Kij , external to Q+(7; q). So the q2 hyperbolic quadrics Q+i (3; q) are pairwise disjoint and hence they form a
partition of the cone LQ+(3; q) without its vertex line L. This is an obvious generalization of a 1ock of a quadratic cone,
and therefore we introduce the following deBnitions.
Denitions. A 5ock of a cone LQ+(3; q) in PG(5; q) with a line L as vertex and a hyperbolic quadric Q+(3; q) as base,
is a partition of the cone without its vertex line into q2 hyperbolic quadrics Q+i (3; q), i=1; 2; : : : ; q
2. We will also use the
term 5ock for the set of q2 3-dimensional subspaces i := 〈Q+i (3; q)〉, i = 1; 2; : : : ; q2.
The cone LQ+(3; q) itself will be called a hyperbolic cone in PG(5; q) with line vertex L.
Conversely, let F := {i|i = 1; 2; : : : ; q2} be a 1ock of a hyperbolic cone LQ+(3; q) in PG(5; q) with line vertex L.
Embed LQ+(3; q) in a hyperbolic quadric Q+(7; q) with polarity ⊥ so that L⊥ ∩ Q+(7; q) = LQ+(3; q). Then, for each
element i ∈F, we have that ⊥i ∩ Q+(7; q) is a 3-dimensional hyperbolic quadric, say Q+i (3; q)′. Denote the regulus of
Q+i (3; q)
′ which contains the line L by Ri. We show that M :=
⋃q2
i=1 Ri is a 1-system of Q
+(7; q). The only property that
has to be checked is that a generator G containing a line M of M, is disjoint from all lines of M\{M}. Since every
generator through L is disjoint from all lines of M\{L}, we may assume that M = L. If M belongs to the regulus Ri,
then it is obvious that G has no point in common with the lines of Ri\{M}. So suppose that G ∩M ′ is at least a point,
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for some line M ′ ∈M belonging to another regulus Rj , j = i. Then G intersects the subspace 〈Ri; Rj〉 at least in a totally
singular plane. But by the deBnition of a 1ock F of LQ+(3; q), we know that i ∩ j = 〈Ri; Rj〉⊥ is an external line Kij
of Q+(7; q). Thus 〈Ri; Rj〉 ∩Q+(7; q)=K⊥ij ∩Q+(7; q) must be an elliptic quadric Q−ij (5; q), and consequently G ∩ 〈Ri; Rj〉
cannot contain a totally singular plane. It follows that M is indeed a 1-system of Q+(7; q), which is, by construction,
locally hermitian at the line L. Hence we have shown the following theorem.
Theorem 3.1. With every locally hermitian 1-system of Q+(7; q) a 5ock of a hyperbolic cone LQ+(3; q) with line vertex
L in PG(5; q) can be associated, and conversely.
In view of this theorem, it is meaningful to study locally hermitian 1-systems of Q+(7; q) in terms of their associated
1ock.
Remark. There is an obvious resemblance between the foregoing construction and the construction of an i-1ock from a
locally hermitian 1-system of Q(6; q), q odd, see [5]. Since every locally hermitian 1-system M of Q(6; q), q odd, can
be considered as a locally hermitian 1-system of Q+(7; q), provided that Q(6; q) is embedded in Q+(7; q), it must be
possible to reconstruct the i-1ock corresponding to M from its 1ock. This is indeed the case: if p is the polar point of
〈Q(6; q)〉 with respect to Q+(7; q), then all elements of the 1ock F := {1; 2; : : : ; q2} of M contain the point p and the
i-1ock of M consists of all conics Ci := i ∩Q(6; q), i= 1; 2; : : : ; q2. Thus the notion of a 1ock we have introduced here
is a straightforward generalization of the i-1ock as it is introduced in [5]. It will however lead to interesting results for
proper locally hermitian 1-systems of Q+(7; q) and it has the advantage that it can also be applied if q is even.
3.2. A special case
We discuss an example of a 1ock F of a hyperbolic cone LQ+(3; q) with line vertex L in PG(5; q). Consider a
3-dimensional subspace 1 in PG(5; q), disjoint from L, and write 1 ∩ LQ+(3; q) := Q+1 (3; q). Let {K0; K1; : : : ; Kq} be a
regulus in 1 such that Ki ∩ Q+1 (3; q) = ∅ for all i = 0; 1; : : : ; q. Such a regulus always exists; in a regular spread of 1
containing one of the reguli of Q+1 (3; q) for instance, there are several suitable choices for the regulus {K0; K1; : : : ; Kq}.
Let Tx, Ty and Tz be three transversals of the regulus {K0; K1; : : : ; Kq} and consider the planes 〈x; Tx〉, 〈y; Ty〉 and 〈z; Tz〉
for arbitrary but distinct points x; y; z on L. Then, by Hirschfeld and Thas [4, Theorem 25.6.1], the set of lines having
a non-empty intersection with the mutually skew planes 〈x; Tx〉, 〈y; Ty〉 and 〈z; Tz〉 forms a system of maximal spaces
of a Segre variety S1;2. Clearly, the lines L; K0; K1; : : : ; Kq all belong to this system of maximal spaces of S1;2. We
denote the set of lines, diLerent from L, having a non-empty intersection with 〈x; Tx〉, 〈y; Ty〉 and 〈z; Tz〉 by I, so that
|I| = q2 + q. By the properties of the Segre variety S1;2, for every point u on L there exists exactly one plane 〈u; Tu〉,
with Tu a transversal of {K0; K1; : : : ; Kq}, having a point in common with all lines of I. These q + 1 planes 〈u; Tu〉, u
on L, constitute the second system of maximal spaces of S1;2. We will now use the set I to construct a 1ock F of
LQ+(3; q).
Consider a Bxed point l on L and denote the plane 〈l; Tl〉 by . If A∈I is arbitrary, let a stand for the unique
intersection point of A and . Then, for any two lines A and B of I, the line ab is a line of . Consider a third
line C ∈I ∪ {L} which meets ab in a point. If C were not contained in the 3-space 〈A; B〉, then 〈A; B; C〉 would be
4-dimensional and contain all planes 〈u; Tu〉, u∈ L\{l}. This contradicts the fact that the planes 〈u; Tu〉, u∈ L, are mutually
skew and hence, the 3-space 〈A; B〉 contains all q+1 lines of I∪{L} which intersect  in a point of the line ab. Hence
〈A; B〉 contains exactly q + 1 lines of I whenever the line ab does not contain the point l. We deBne F to be the set
of 3-spaces {〈A; B〉|A; B∈I and l ∈ ab} and we show that F is a 1ock of LQ+(3; q).
Firstly, the number of elements of F is q2, which is the correct number of elements for a 1ock. For distinct 〈A; B〉
and 〈C;D〉 in F, the lines ab and cd have a point in common, say f, which is the point F ∩  for some line F ∈I.
Clearly, 〈A; B; C; D〉 is the whole PG(5; q). So the 3-spaces 〈A; B〉 and 〈C;D〉 intersect in a line, namely the line F ∈I.
As the regulus {K0; K1; : : : ; Kq} was chosen to be disjoint from Q+1 (3; q), any plane 〈u; Tu〉, u on L, has exactly one point
in common with LQ+(3; q), namely the point u∈ L. Since all points on the lines of I are points of planes 〈u; Tu〉 not on
L, we Bnd that all lines of I are disjoint from LQ+(3; q). So 〈A; B〉 and 〈C;D〉 meet in an external line of LQ+(3; q).
Finally, every 3-space 〈A; B〉 ∈F is disjoint from L, and it follows that the elements of F form a partition of LQ+(3; q)\L
in q2 hyperbolic quadrics Q+i (3; q), i = 1; 2; : : : ; q
2. So F is a 1ock of the hyperbolic cone LQ+(3; q).
In the sequel, we will always use the notation I for the set of lines of intersection of pairs of elements of the 1ock F.
Remark. The system of lines I∪{L}, which are maximal subspaces of the Segre variety S1;2, contains a lot of reguli. If
we consider two arbitrary lines of I ∪ {L}, then they span a 3-dimensional subspace of PG(5; q) which contains exactly
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q + 1 lines of I ∪ {L}, as we have seen above, and meets every plane 〈u; Tu〉, u on L, in a line. Hence these two lines
determine a unique regulus of lines of I ∪ {L}. In particular, the q+ 1 lines of I in an element i ∈F, i = 1; 2; : : : ; q2,
form a regulus in i, disjoint from LQ+(3; q).
The locally hermitian 1-system M of Q+(7; q) associated with a 1ock F={1; 2; : : : ; q2} arising from a Segre variety
S1;2 as described above, has interesting properties. Firstly, the lines of I, which are also the lines of intersection of the
elements of the 1ock F, are pairwise disjoint. This implies that every two distinct elliptic quadrics Q−ij (5; q)=(i∩j)⊥∩
Q+(7; q) and Q−kl (5; q) = (k ∩ l)⊥ ∩ Q+(7; q) span the whole 7-dimensional projective space PG(7; q) = 〈Q+(7; q)〉. In
particular, M is not contained in any hyperplane of PG(7; q), so it is a proper 1-system of Q+(7; q). Secondly, it follows
from the construction of F that every line of I is contained in exactly q elements of F. This in turn means that every
elliptic quadric Q−ij (5; q) contains exactly q reguli of M through L. In the next section we will discuss the 1-system
associated with the 1ock F in more detail.
4. A characterization result
In this section, it is our aim to characterize the proper locally hermitian semiclassical 1-systems of Q+(7; q) in terms
of their associated 1ock.
Theorem 4.1. A proper locally hermitian 1-system of Q+(7; q) is semiclassical if and only if its associated 5ock arises
from a Segre variety S1;2 as described in Section 3.2.
Proof. LetM be a locally hermitian 1-system of Q+(7; q) with associated 1ock F := {1; 2; : : : ; q2}, which is constructed
from a Segre variety S1;2 as described in Section 3.2. Denote the reguli through L which constitute M by R1; R2; : : : ; Rq2
and let I be deBned as before. Consider a transversal Tx of the regulus {K0; K1; : : : ; Kq} of lines of I in 1 and denote
the plane 〈x; Tx〉 of S1;2 by x. By construction, the plane x intersects each element i of F in a line, so that ⊥x and
⊥i = 〈Ri〉 are contained in a 5-dimensional subspace and hence meet in a plane. The plane x has a unique point in
common with Q+(7; q), namely the point x, which implies that ⊥x ∩ Q+(7; q) is a cone xQ−x (3; q). Since L is a line of
xQ−x (3; q), the plane 
⊥
x ∩ 〈Ri〉 must meet Q+(7; q) in two intersecting lines, one of which is the line L. The second line
is the unique transversal through x of the regulus Ri. As this holds for all i ∈F, it follows that xQ−x (3; q) consists of L
and the q2 transversals through x of the reguli Ri, i = 1; 2; : : : ; q2, of M through L. Since we have this property for all
points x on L, M is semiclassical.
To prove the converse, suppose that M is a proper locally hermitian semiclassical 1-system of Q+(7; q), consisting of
q2 reguli R1; R2; : : : ; Rq2 through the line L∈M. Denote the 1ock associated with M by F. We must show that F arises
from a Segre variety S1;2 as described in Section 3.2.
First we show that for each two reguli Ri; Rj , i = j, the elliptic quadric 〈Ri; Rj〉∩Q+(7; q) := Q−ij (5; q) contains exactly
q reguli of M through L. As M is semiclassical, the q2 transversals of the reguli R1; R2; : : : ; Rq2 through an arbitrary point
x of L, together with the line L, form a cone xQ−x (3; q) on Q
+(7; q). Consider a Bxed point x on L, the corresponding
cone xQ−x (3; q) containing the transversals through x, and two arbitrary reguli Ri and Rj , i = j, of M through L. Then
〈xQ−x (3; q), Ri; Rj〉 := %xij is at most 6-dimensional. For a point y of L\{x}, yQ−y (3; q) and %xij have at least three
lines of Q+(7; q) in common, namely L and the transversals of Ri and Rj through y. If yQ−y (3; q) were contained in
%xij , this would imply that M ⊆ %xij , a contradiction to the assumption that M is not contained in a hyperplane of
PG(7; q) = 〈Q+(7; q)〉. So we conclude that yQ−y (3; q) ∩ %xij is a quadratic cone yCy, with Cy some conic on Q−y (3; q)
through the point L ∩ Q−y (3; q). Consequently there exist exactly q reguli of M on L, the transversals of which through
both x and y are contained in %xij . So these q reguli must lie in %xij . Consider a third point z ∈ L\{x; y}. Then similarly
zQ−z (3; q)∩%xij= zCz , where zCz consists of L and the transversals through z of the q reguli of M on L which are already
known to belong to %xij . But then the subspace 〈Ri; Rj〉, which contains L and all transversals of Ri and Rj , must contain
both 〈yCy〉 and 〈zCz〉, which forces the q reguli of M through L in %xij to be contained in the 5-dimensional subspace
〈Ri; Rj〉. So we have shown that the elliptic quadric Q−ij (5; q) contains exactly q reguli of M through L.
Note that %xij cannot be 5-dimensional. If it were 5-dimensional, then the subspace 〈xQ−x (3; q), yQ−y (3; q)〉 of PG(7; q)
would have dimension at most 6 and contain M, a contradiction.
Let Ri, Rj , Rk and Rl be four distinct reguli of M containing L and such that 〈Ri; Rj〉 = 〈Rk ; Rl〉. We want to show
that these four reguli span the whole PG(7; q). So assume that this is not the case, which implies that the subspace
〈Ri; Rj; Rk ; Rl〉 := ! is 6-dimensional. Then, for an arbitrary point x on L, we have that ! contains two distinct quadratic
cones xCx = 〈Ri; Rj〉 ∩ xQ−x (3; q) and xC′x = 〈Rk ; Rl〉 ∩ xQ−x (3; q), and consequently, xQ−x (3; q) is contained in !. But the
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same holds for all points on L, that is, yQ−y (3; q) ⊆ ! for all points y on L. This implies that all lines of M lie in !, a
contradiction. We conclude that 〈Ri; Rj; Rk ; Rl〉= 〈Q−ij (5; q), Q−kl (5; q)〉 is indeed the whole PG(7; q).
The above results allow us to draw some important conclusions concerning the 1ock F of M. As before, let 〈Ri〉⊥
be denoted by i and 〈Ri; Rj〉⊥ = 〈Q−ij (5; q)〉⊥, i = j, by Kij . Then the line Kij is the intersection of i and j and it is
an external line of Q+(7; q). As every Q−ij (5; q) contains exactly q reguli of M through L, every line Kij is contained in
exactly q elements r of the 1ock F.
As a consequence, an element r of F contains (q2 − 1=q − 1) = q + 1 lines Kij . From the fact that 〈Ri; Rj; Rk ; Rl〉
is 7-dimensional whenever 〈Ri; Rj〉 and 〈Rk ; Rl〉 are distinct, one concludes that any two distinct lines Kij and Kkl are
disjoint. The set I := {〈Ri; Rj〉⊥ = Kij|i; j∈{1; 2; : : : ; q2}; i = j} thus consists of q(q + 1) pairwise disjoint lines.
Finally, consider an arbitrary point x on L and the cone xQ−x (3; q) consisting of the transversals through x of the reguli
R1; R2; : : : ; Rq2 . Then 〈xQ−x (3; q)〉 is 4-dimensional, so 〈xQ−x (3; q)〉⊥ is a plane x which has nothing but the point x in
common with Q+(7; q). As is mentioned above, %xij = 〈xQ−x (3; q), Ri; Rj〉 is a 6-dimensional subspace of PG(7; q) for all
i; j∈{1; 2; : : : ; q2}, i = j, so that x ∩Kij = %⊥xij is a point. Consequently, the plane x shares a point with every line of I
and it meets the line L in the point x. As x on L was chosen arbitrarily, it follows that there exist q + 1 mutually skew
planes x, one for each point x on L, which all have a point in common with every line of I ∪ {L}. By Hirschfeld and
Thas [4, Lemma 25.6.1], we conclude that I ∪ {L} is a system of generating lines of a Segre variety S1;2.
This proves the theorem.
Remarks. From the proof of this theorem, one easily deduces the following property of M. For any two reguli Ri and
Rj of M through L, the elliptic quadric Q−ij (5; q) contains exactly q reguli of M through L. Also, for each point x on
L, a quadratic cone xCx consisting of L and the transversals through x of these q reguli, lies on Q−ij (5; q). Let ) be a
3-dimensional subspace of 〈Q−ij (5; q)〉, disjoint from L. Then the projection from L onto ) of the q reguli of M through L
and contained in Q−ij (5; q), minus L, yields q pairwise disjoint lines in ); the projection of the tangent space TL(Q
−
ij (5; q)),
minus L, gives a (q+ 1)st line. These q+ 1 lines form a regulus in ) the transversals of which are the q+ 1 projections
of the 3-spaces 〈xCx〉, minus L, for all points x on L.
The theorem we have just shown, characterizes the proper locally hermitian semiclassical 1-systems of Q+(7; q) as
exactly those 1-systems, the associated 1ock of which is of a special form. One must however notice that this does not at
all imply that all such 1-systems have a similar structure. To the contrary, by some simple observations one is immediately
convinced that there exists a lot of variety in the examples of proper locally hermitian semiclassical 1-systems of Q+(7; q).
Suppose that M1 and M2 are two locally hermitian semiclassical 1-systems of Q+(7; q) with associated 1ocks F1,
respectively, F2, both arising from a Segre variety as described in Section 3.2. Let * be an element of P+O+(8; q) which
maps M1 onto M2. Without loss of generality we may assume that M1 and M2 are locally hermitian at the same line
L for which L* = L and that they share a regulus, say R1, through L, with again R*1 = R1. Then F1 and F2 are 1ocks
in PG(5; q) = L⊥ of the same hyperbolic cone LQ+1 (3; q) with line vertex L. Moreover, F1 and F2 share at least one
element 1 = 〈R1〉⊥, with 1 ∩ Q+(7; q) = Q+1 (3; q). In the 3-space 1, Fi deBnes a regulus Ri, consisting of the lines of
intersection of 1 with the other elements of Fi, i = 1; 2. It must then hold that R*1 =R2 and * stabilizes the hyperbolic
quadric Q+1 (3; q). We will see that there are several conBgurations of Q
+
1 (3; q), R1 and R2 for which this is not possible.
Consider a hyperbolic quadric Q+(3; q) in PG(3; q) and a regulus R in PG(3; q), which is disjoint from Q+(3; q). If
translated to the Klein quadric K = Q+(5; q) of lines of PG(3; q), the hyperbolic quadric Q+(3; q) corresponds to two
conics C and C′ on K, where 〈C〉⊥ ∩K = C′ with respect to the polarity ⊥ of K. The regulus R in turn yields a
third conic C˜ on K. The fact that R and Q+(3; q) are disjoint, implies that no point of C˜ is on a line of K which also
contains a point of C or C′. In other words, C and C˜ belong to a partial ovoid of K, as well as C′ and C˜. Taken this
restriction into account, we can distinguish between three possible cases.
(1) 〈C; C˜〉= PG(5; q) and 〈C′; C˜〉= PG(5; q).
(2) 〈C; C˜〉 and 〈C′; C˜〉 are at least 4-dimensional and they are not both of dimension 5. Note that either 〈C; C˜〉 or 〈C′; C˜〉
meets K in a Q(4; q), which implies that there exists a symplectic polar space W3(q) in PG(3; q), having R and one
of the two reguli of Q+(3; q) as sets of totally isotropic lines.
(3) Either 〈C; C˜〉 or 〈C′; C˜〉 is 3-dimensional and thus intersects K in an elliptic quadric Q−(3; q). In this case, R and
one of the two reguli of Q+(3; q) are contained in a common regular spread of PG(3; q).
Let F= {1; 2; : : : ; q2} be a 1ock of LQ+(3; q) such that for some i∈{1; 2; : : : ; q2}, the regulus of lines of I in
i and one of the two reguli of Q+i (3; q) := i∩LQ+(3; q), belong to a common regular spread of i. To this situation,
we will further refer as the case of a 1-system with a 1ock of regular spread type. If a 1ock F = {1; 2; : : : ; q2}
of LQ+(3; q) is of regular spread type, then the regulus of lines of I in k belongs to a common regular spread of
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k together with one of the two reguli of the hyperbolic quadric Q+k (3; q) = k ∩ LQ+(3; q), for all k ∈{1; 2; : : : ; q2}.
This can be seen as follows. Denote the Segre variety having the lines of I and L as maximal spaces by S1;2.
Without loss of generality we may suppose that the regulus R1 of lines of I in 1 is part of a regular spread S1
in 1 which also contains a regulus of Q+1 (3; q). Then, there exist two conjugate lines T and KT in the extension
PG(3; q2) of 1 which intersect the extension to GF(q2) of every line of S1 in a point. Both T and KT lie in a unique
plane , respectively K, which is a maximal space of the extension of S1;2 to GF(q2). For every k ∈{2; 3; : : : ; q2}
the extensions to GF(q2) of the q+1 lines of I in k meet each of the planes  and K in a point, so that ∩ ˆk and
K ∩ ˆk are two conjugate lines with respect to the extension GF(q2) of GF(q), where ˆk denotes the extension of k
to GF(q2). On the other hand, the 3-spaces 〈L; T 〉 and 〈L; KT 〉 are generators of the extension of the cone LQ+(3; q)
to GF(q2), so that they both contain a line of the extension Q+k (3; q
2) of Q+k (3; q). These lines are exactly the lines
 ∩ ˆk and K ∩ ˆk , for otherwise ˆk would have at least a plane in common with 〈L; T 〉 and 〈L; KT 〉 and thus meet the
extension of L in at least a point. This is a contradiction. Hence the regulus of lines of I in k and one regulus of
Q+k (3; q) belong to the regular spread in k , deBned by the conjugate lines  ∩ ˆk and K ∩ ˆk .
Given two distinct reguli R1 and R2 in PG(3; q), both disjoint from Q+(3; q), it is clear that we cannot Bnd a collineation
∈P+L(4; q) which stabilizes Q+(3; q) and maps R1 onto R2 whenever R1 and R2 belong to diLerent classes (1),
(2) or (3). Also, even if R1 and R2 do belong to the same class, it is not always so that the corresponding 1ocks
F1 and F2 yield 1-systems which are isomorphic under P+O+(8; q). Suppose for instance that we are in case (3) for
q odd, with 〈C; C˜〉 ∩K = Q−(3; q), C ∩ C˜ = ∅. Then automatically C′ and C˜ correspond to disjoint reguli. Recall
that for q odd an equivalence relation with two classes can be deBned on the non-singular conics lying on the elliptic
quadric Q−(3; q), where two conics C1 and C2 are equivalent if and only if there is a conic C ∈ {C1;C2} on Q−(3; q)
which is tangent to both C1 and C2; see for instance [9]. It is then clear that a 1-system for which C and C˜ belong
to the same equivalence class, cannot be isomorphic to a 1-system for which C and C˜ belong to diLerent equivalence
classes.
We conclude that within the class of the proper locally hermitian semiclassical 1-systems of Q+(7; q), there certainly
exist several non-isomorphic examples.
5. Known examples of locally hermitian semiclassical 1-systems of Q+(7; q)
Several examples of proper 1-systems of Q+(7; q) were previously known to exist. But which ones of them are locally
hermitian and semiclassical? By having a thorough look at the diLerent examples of proper 1-systems of Q+(7; q), one
easily Bnds out that there is only one class known which contains locally hermitian elements. They are constructed from an
ovoid of a hermitian variety H (3; q2) by the method described by Shult and Thas in [8]. We brie1y repeat the construction
here and in the remainder of this paper, we will refer to this kind of 1-system as a 1-system of Q+(7; q), arising from
an ovoid O of H (3; q2).
Consider the quadratic extension Q+(7; q2) of Q+(7; q) and let  and K be two disjoint generators of Q+(7; q2), which
are conjugate with respect to the extension GF(q2) of GF(q) and contain no point of PG(7; q). Denote by T the set of
lines of Q+(7; q), the extensions of which to GF(q2) have a point in common with both  and K. It is known that the
set T constitutes a partition of the point set of Q+(7; q) and that the intersection points of the lines of T with  form a
hermitian variety H (3; q2) in , and similarly for K. Let O be an ovoid of H (3; q2) ⊆  and let KO ⊆ K be its conjugate.
Then by Shult and Thas [8], the set of lines M := {x Kx ∩ PG(7; q)|x∈O} is a 1-system of Q+(7; q).
In this section, we will investigate under what conditions a 1-system constructed in this way is locally hermitian and
semiclassical. We start with an easy lemma.
Lemma 5.1. A set of lines R := {xi Kxi ∩ PG(7; q)|xi ∈ ; i= 0; 1; : : : ; q} is a regulus of lines in PG(7; q) if and only if the
points x0; x1; : : : ; xq form a Baer subline of some line in .
Proof. The set R is a regulus in PG(7; q) if and only if 〈R〉 is 3-dimensional, that is, if and only if the extension of
〈R〉 to GF(q2) intersects  in a line A and K in the conjugate line KA. These two lines A and KA deBne a regular spread
S := {y Ky ∩ PG(7; q)|y∈A} in 〈R〉, containing all lines of R. Now a regulus in the regular spread S of PG(3; q) = 〈R〉
is equivalent to a Baer subline of A, see [1], which shows the lemma.
Using this lemma, we can describe the requirement that M is locally hermitian and semiclassical in terms of properties
of O. Note that if O is the classical ovoid of H (3; q2), so O ∼= H (2; q2), the corresponding 1-system is a hermitian spread
of some elliptic quadric Q−(5; q) on Q+(7; q); see [10].
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Theorem 5.2. A 1-system M of Q+(7; q), arising from a non-classical ovoid O of H (3; q2), is locally hermitian and
semiclassical if and only if O has the following properties:
(P1) O consists of q2 Baer sublines ri, i = 1; 2; : : : ; q2, through a point p.
(P2) For all i; j∈{1; 2; : : : ; q2}, i = j, the plane 〈ri; rj〉 contains exactly q Baer sublines of O through p. Further, for
every line J in 〈ri; rj〉 not containing p, the projections from p onto J of these q Baer sublines, minus p, and the
line Tp(H (3; q2) ∩ 〈ri; rj〉, minus p, form a Baer subline of J .
Proof. It is clear that M is locally hermitian at the line L if and only if the ovoid O consists of q2 Baer sublines through
the common point p of the extension of L to GF(q2) and , which shows property (P1). Denote the Baer subline of O
through p, corresponding to the regulus Ri of M containing L, by ri, i= 1; 2; : : : ; q2. The second property (P2) is a little
more diScult to obtain.
First assume that M is locally hermitian at L and semiclassical. Then, by the proof of Theorem 4.1, the elliptic quadric
Q−ij (5; q) = 〈Ri; Rj〉 ∩ Q+(7; q) contains exactly q reguli of M through L for all i; j∈{1; 2; : : : ; q2}, i = j. Let ) be an
arbitrary 3-dimensional subspace in 〈Ri; Rj〉, disjoint from L. As was mentioned in the remark following Theorem 4.1,
the projections from L onto ) of the reguli of M through L in Q−ij (5; q), minus L, together with the projection of the
3-dimensional subspace TL(Q−ij (5; q)), minus L, form a regulus in ). By Lemma 5.1, this implies that O has property
(P2).
Conversely, suppose that O has property (P2). Then every 5-dimensional elliptic quadric Q−ij (5; q) contains q reguli of
M through L. Without loss of generality, we give the proof for i=1 and j=2, assuming that Q−12(5; q) contains the reguli
R1; R2; : : : ; Rq of M through L. Consider an arbitrary line J in 〈r1; r2〉, not containing the point p, and denote the 3-space
〈J; KJ 〉∩PG(7; q) by ). Then by (P2) and Lemma 5.1, the projections from L onto ) of 〈R1〉\{L}; 〈R2〉\{L}; : : : ; 〈Rq〉\{L}
and TL(Q−12(5; q))\{L} form a regulus of lines in ). This implies that there exist q + 1 3-spaces D0; D1; : : : ; Dq through
L which meet each 〈Ri〉, i = 1; 2; : : : ; q, and TL(Q−12(5; q)) in a plane. Since L is contained in each Di, it holds that
Di ∩Q+(7; q) is either a Q+(3; q) or a quadratic cone xQ(2; q) for some point x on L. But as Di meets TL(Q−12(5; q)) in a
plane, the case Di∩Q+(7; q)=Q+(3; q) is not possible. So for all i=0; 1; : : : ; q, Di∩Q+(7; q) is a quadratic cone xQ(2; q)
for some point x on L. We also have that Di ∩Dj = L for i = j, so that for all points x on L, we obtain a quadratic cone
xQ(2; q) the generators of which are L and the transversals through x of R1; R2; : : : ; Rq.
Let x be a Bxed point of L and consider the projection along reguli of M from x onto a 5-space . ⊆ Tx(Q+(7; q)),
x not in .. This projection is an ovoid Ox of Q+(5; q) := . ∩ Q+(7; q) through the point l := L ∩ .. If Ti denotes the
transversal of Ri through x, let ni be the point . ∩ Ti, so ni ∈Ox. From the previous paragraph, it follows that for all
i = j, the points l, ni and nj deBne a conic Cij of Q+(5; q), all points of which belong to Ox. Consequently, Ox consists
of q(q+1) conics through the point l, which implies by [3, Theorem 3.1] that Ox is classical, that is, Ox ∼= Q−(3; q). As
this holds for all points x on L, we conclude that M is semiclassical.
We are now interested in determining which ovoids of H (3; q2) fulBl the conditions (P1) and (P2). To that end, it is
easier to study the dual situation, namely the spread S := OD in the point-line dual Q−(5; q) of H (3; q2). The duality
between H (3; q2) and Q−(5; q) can be described as follows, see [11], or also [7, 3.2.3].
Let / be the Klein correspondence between the lines of PG(3; q2) = 〈H (3; q2)〉 and the points of the Klein quadric
Q+(5; q2) in PG(5; q2). The image under / of a point x of PG(3; q2) is interpreted as x/ := {A/|A a line through x},
so x/ is a Latin plane on Q+(5; q2). For a plane  of PG(3; q2), we deBne / := {A/|A a line of }, which means
that / is a Greek plane on Q+(5; q2). We now deBne a map * on the points and lines of H (3; q2) as follows. For all
lines L of H (3; q2), we deBne L* := L/. Then the set of points {L*|L a line of H (3; q2)} is the point set of an elliptic
quadric Q−(5; q) = 0 ∩ Q+(5; q2), for some 5-dimensional projective subspace 0= PG(5; q) of PG(5; q2). For the points
of H (3; q2), we introduce the following deBnition: x* := x/ ∩ 0. Then x* is the line of Q−(5; q) consisting of the points
L* = L/ for all q + 1 lines L of H (3; q2) through x. The map * is a duality between H (3; q2) and Q−(5; q) and allows
us to translate the properties of O to properties of OD =S.
If P is the line p* of Q−(5; q), then it is clear that S consists of q2 reguli through the line P, say R′1; R
′
2; : : : ; R
′
q2 .
For all i; j∈{1; 2; : : : ; q2}, i = j, the plane  := 〈ri; rj〉 meets H (3; q2) in a classical ovoid H (2; q2) and we know that it
contains q Baer sublines of O through the point p, say without loss of generality r1; r2; : : : ; rq, so that i and j are also
elements of {1; 2; : : : ; q}. For the spread S, this means that the reguli R′1; R′2; : : : ; R′q are contained in a regular spread S1q,
or, generally speaking, every two reguli R′i and R
′
j are contained in a regular spread Sij of Q
−(5; q) which has q reguli
through P in common with S. Denote the line of PG(3; q2) containing the Baer subline ri by Ki, i=1; 2; : : : ; q2. It holds
for i = 1; 2; : : : ; q that Ki is a line of  through the point p, so that K/i := ti is a point of Q
+(5; q2) in the intersection
of the Latin plane p/ and the Greek plane /. So the q points t1; t2; : : : ; tq are on the line T := p/ ∩ /. Note that the
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point T ∩ P := x is the point X / with X the line Tp(H (3; q2)) ∩ . Further, for all i = 1; 2; : : : ; q2, ti is a point of !′⊥i ,
where !′i denotes the extension to GF(q
2) of the 3-space 〈R′i〉 and ⊥ stands for the polarity of Q+(5; q2). Similarly, the
conjugate point Kti that lies in the Greek plane  through P also belongs to !′
⊥
i . Thus the regular spread S1q is the one
which arises from the regular line spread in TP(Q−(5; q)) deBned by T and KT , by the construction described in Section
2. Since the lines {K1; K2; : : : ; Kq; X } intersect each line J of , not through p, in a Baer subline, it follows that the
points {t1; t2; : : : ; tq; x} form a Baer subline of the line T , so that the lines t1 Kt1; t2 Kt2; : : : ; tq Ktq and P deBne a regulus in
TP(Q−(5; q)). As the above arguments hold for every two Baer sublines ri and rj of O through p, the locally hermitian
spread S of Q−(5; q) is of the form S(S), where S is a line spread in TP(Q−(5; q)) containing P and such that any two
distinct lines of S\{P}, together with P, deBne a regulus which is completely contained in S. By [3, Theorem 3.1], this
implies that S is a regular line spread of the 3-space TP(Q−(5; q)). As O is not classical, no one of the two conjugate
lines over GF(q2) deBning the regular spread S, which in turn determines OD =S(S), is contained in the plane p/. So
S(S) is not hermitian.
Conversely, it is easily seen that we can return in the same way from a regular spread S of PG(3; q) = TP(Q−(5; q))
containing P, but such that none of its deBning lines over GF(q2) belongs to p/, to the spread S =S(S) of Q−(5; q)
and its dual SD = O, with O a non-classical ovoid of H (3; q2) satisfying (P1) and (P2).
By combining this with Theorem 5.2, we Bnd that the only 1-systems of Q+(7; q) arising from an ovoid O of H (3; q2)
which are locally hermitian and semiclassical, are those for which OD = S is a locally hermitian spread of Q−(5; q),
arising as S(S) from a regular line spread S in PG(3; q) containing P, where the classical ovoid of H (3; q2) is now
included.
Note that the spread S in the above is the regular spread in TP(Q−(5; q)) deBned by T and KT , if and only if S
coincides with S1q, so if and only if O is the classical ovoid  ∩ H (3; q2) = H (2; q2). This is the case if and only if M
itself is a hermitian spread of the elliptic quadric 〈; K〉 ∩ Q+(7; q) = Q−(5; q)′.
Finally, we try to Bnd out what the 1ock of a proper locally hermitian semiclassical 1-system of Q+(7; q) arising from
an ovoid O of H (3; q2), looks like.
Theorem 5.3. A proper locally hermitian semiclassical 1-system of the hyperbolic quadric Q+(7; q) arises from an ovoid
O of H (3; q2) if and only if its associated 5ock is of regular spread type.
Proof. If any object X is deBned in PG(7; q), then in the course of this proof the extension of X to GF(q2) will be
denoted by Xˆ . Note that for objects which are only considered over GF(q2), the notation with the “hat” (̂ ) will not
be used.
First, let M be a 1-system of Q+(7; q) that is locally hermitian at the line L and semiclassical and assume that M
arises from an ovoid O of H (3; q2). As before, denote the generator 〈H (3; q2)〉 of the extension Q+(7; q2) of Q+(7; q) to
GF(q2) by  and its conjugate by K, so that the extensions to GF(q2) of all lines of M have a point in common with
 and K. Since Lˆ ∩  is a point, it holds that Lˆ⊥ ∩  is a plane, say . Similarly Lˆ⊥ ∩ K is the plane K, conjugate to .
Further,  intersects each 〈̂Ri〉, i= 1; 2; : : : ; q2, in a line and as a consequence 〈̂Ri〉⊥ ∩  is a line belonging to . But this
implies that for all i = j, the line Kˆ ij of intersection of 〈̂Ri〉⊥ and 〈̂Rj〉⊥ has the point  ∩ 〈̂Ri〉⊥ ∩ 〈̂Rj〉⊥ in common
with  and analogously the line Kˆ ij also meets K in a point. So  and K are two conjugate and disjoint planes having
a point in common with the extension to GF(q2) of each line of I, where I is again the set of lines 〈Ri〉⊥ ∩ 〈Rj〉⊥,
i = j. On the other hand,  and K are totally singular planes of the extension Q+(7; q2) of Q+(7; q), so that the line
〈̂Ri〉⊥ ∩ = 〈̂Ri〉⊥ ∩  is a line of Q+i (3; q2) := 〈̂Ri〉⊥ ∩Q+(7; q2). Hence the line 〈̂Ri〉⊥ ∩  is a transversal of one regulus
of Q+i (3; q
2), but also of the extension to GF(q2) of the regulus of lines of I in 〈̂Ri〉⊥. As the same holds for the line
K ∩ 〈̂Ri〉⊥, the regulus of lines of I in 〈Ri〉⊥ and one of the two reguli of Q+i (3; q) are contained in a common regular
spread of 〈Ri〉⊥. This holds for i = 1; 2; : : : ; q2, so that the 1ock F, associated with M, is of regular spread type.
Conversely, assume that the 1ock F, associated with the proper semiclassical 1-system M of Q+(7; q) which is locally
hermitian at the line L, is of regular spread type and consider a regulus R1 of M through L. In the 3-space 〈̂R1〉⊥ there
exist two conjugate lines A and KA having a point in common with the extensions to GF(q2) of all q + 1 lines of I in
〈R1〉⊥ and belonging to the hyperbolic quadric Q+1 (3; q2) = 〈̂R1〉⊥ ∩ Q+(7; q2), where Q+(7; q2) is again the extension of
Q+(7; q) to GF(q2). Since I ∪ {L} is the set of lines of a Segre variety S1;2 in L⊥ = PG(5; q), there exists a unique
plane  through A which belongs to the system of planes of the extension of S1;2 to GF(q2). Clearly,  is disjoint from
PG(5; q) and it has a point in common with the extension to GF(q2) of each line of I ∪ {L}; the conjugate plane K
of  through KA has the same properties. Also, as A and KA are lines of Q+(7; q2) ∩ Lˆ⊥, the planes  and K are totally
singular planes of Q+(7; q2). Through  there exist two generators of Q+(7; q2): the generator 〈Lˆ; 〉 and another one,
say . Similarly, let K be the generator of Q+(7; q2) containing K but not Lˆ. Then  and K belong to the same family of
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generators and they are disjoint, for what follows. The tangent subspaces T(Q+(7; q2)) and T K(Q+(7; q2)) of Q+(7; q2)
at , respectively K, meet in a line, which must hence be the line Lˆ. Moreover, T(Q+(7; q2)) ∩ Q+(7; q2) =  ∪ 〈Lˆ; 〉
and similarly T K(Q+(7; q2)) ∩ Q+(7; q2) = K ∪ 〈Lˆ; K〉, which implies that the intersection of  and K must be empty. The
generators  and K are also conjugate with respect to the extension GF(q2) of GF(q), because the conjugate of  must
contain K and cannot contain Lˆ, so it is indeed K. Finally, 〈̂Ri〉⊥ ∩  is a line for all i=1; 2; : : : ; q2, and as a consequence,
〈̂Ri〉 and  also intersect in a line. As Lˆ and  share a point x, it holds that  ∩ Lˆ = {x}. So the common line of  and
〈̂Ri〉 must be a line of Q+(7; q2) through x, but it cannot be Lˆ itself. Hence it is a transversal over GF(q2) of the regulus
Rˆi, and consequently the extension to GF(q2) of every line of Ri meets  in a point. The same holds for K, and it now
follows that M arises from an ovoid O of the hermitian variety H (3; q2) in .
As has already been mentioned, the locally hermitian semiclassical 1-systems of Q+(7; q) which arise from a non-classical
ovoid O of H (3; q2), are the only previously known examples of proper locally hermitian semiclassical 1-systems of
Q+(7; q). By Theorem 5.3 and the discussion at the end of Section 4, we now know that the construction described in
Section 3.1 yields a lot of new examples, namely all examples for which the 1ock F is not of regular spread type.
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